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Abstract We consider the quantum Toda chain in a semiclassical approximation. If the
chain is initially in a coherent state and we consirain it to preserve the coherence, its
motion is described by effective classical equations. These turn out to be of the same
form as the classical equations of motion, but have a renormalized coupling constant,
We call the solitons arising from this effective model *quantum solitons’.

1. Introduction

Since Bethe’s pionecring article on the spin-1 Heisenberg chain in 1931 [1] much work
on exactly solvable many-particle quantum systems has been done. In particular,
the quantum inverse spectral method (QisM) developed by Fadeev and co-workers
provides a powerful means for both finding and solving exactly solvable models [2},

We emphasize, however, that there is still a need to apply approximate methods if
one i5 interested in local quantities like, for instance, the wavefunction corresponding
to a soliton. The variational approach described later gives an explicit approximate
expression for a time-dependent wavefunction of a many-body system, which has the
additional advantage of being quite simple. At the present time, this still lies beyond
the scope of the exact methods,

The system in which we are interested is the well known Toda chain, a chain of
equal particles connected by equal springs. The potential of one of these springs is
V(r) = (w2/4)(exp(—~(r — ry}) + v(r — ry) — 1), where the parameters ~, w
have been chosen so as to give the potential of a harmonic spring with frequency w
as v — 0. If the system is constrained on a ring of length £ and the particle mass
is chosen to be unity the Hamiltonian reads

N 2 2
H=F+Y {%— 4 LT e 1)} - (1.1)

n=1

Here . is the position of the nth particle relative to its position at rest, 2y, = |,
F, is the classical ground-state energy and « = L/N is the lattice constant. In the
following H, denotes the harmonic limit of H.

The Toda chain is integrable in the classical [3, 4] as well as in the quantum
mechanical case [5]. The Bethe ansatz [6] and QIsM [7] have been applied to it. Note
that Bethe’s wavefunctions serve merely as an approximation, yielding, however, the
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exact ground-state energy and excitation spectrum in the thermodynamic limit [8].
The correct wavefunctions for few particles have been found by Gutzwiller [9] and
they are implicit in the QISM treatment due to Sklyanin {7).

Semiclassical quantization procedures have also been applied to the Toda system
[8, 10). Shirafuji [10] used a path integral WKB method to quantize the periodic
Toda chain. In this approach the energy levels of the quantum system arise from the
classical periodic orbits, i.¢. the classical soliton becomes .a stationary state when it is
quantized. A similar interpretation results from Bethe's ansatz and from QIsM. One
branch of the elementary excitation spectrum turns out to yield the classical soliton
dispersion curve, E = E(p), in the classical limit. This fact clearly supports the view
of a ‘quantum soliton’ as a stationary state.

Our work was strongly motivated by the question whether a soliton on a quantum
chain could also be thought of as a dynamical object. The answer is affirmative at
least within the frame of the variational method described later. We look for the best
dynamics of Gaussian wavepackets, which we constrain to preserve their shape. The
centres of the wavepackets move according to effective classical equations of motion.
In general these would be different from the original classical ones. But in the case
of the Toda chain the effective Lagrangian turns out to be of the same form as the
original one. Only the coupling parameter « is renormalized.

2, Variational principle

If a physical equation of motion is of Lagrangian form, i.e. derivable from Hamilton's
principle, this always provides a formally simple approach for getting approximate
solutions by restricting the functions to be varied to a smaller and more palpable
family [11]. A starting point for obtaining approximate solutions to Schrédinger’s
time-dependent equation may be the Lagrangian

L = (l(ih8, - H)| ). @

It results in Schrédinger’s equation if varied with respect to (o, an arbitrary not-
malized quantum state. But if ¢ iS constrained to be a 2N parameter family
Piy,ndin .oy Of test functions, we will get N second-order ordinary differen-
tial equations in the parameters o instead. These may be interpreted as classical
equations of motion for a system with /V degrees of freedom.

It is an unpleasant feature of variational methods that the error is always difficult
to estimate. The crucial point iS t0 guess some appropriate test functions. In the case
of the Toda chain it seems quite natural to use coherent phonon states, for they give
the exact solution for vanishing anharmonicity < and should still give uscful results
if v is not too large and the energy of the considered excitation is not too high.
Using coherent phonon states (CPS) means nothing clse but restricting the allowed
wavefunctions to Gaussian form.

3, Coherent states

We use the following notation for CPS:

|3} = exp {;(ﬁkbi - ,(jz,bk)} [0Y = exp {% ;(Enpﬂ - Tl'n.’l,'")} |0} 3.0
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where b} creates a phonon of wavenumber k, |0) is the phonon vacuum and p,,z,

ar¢ the momentum and position operators, respectively. The relation between &,,, 7,
and g7, 3, is exactly the same as that between z,,, p,, and b}, b;.

= L S gikna [ B . = L o ikne fhe o o
&, = \/Nzk:e ka(ﬁk+n@k) Tn = \/Nzk:e 2 (By BL)-
(3.2)

As usual w; denotes the phonon frequency, w; = 2wsin |ka/2|. Let us note three
basic properties of (3.1):

(i) b3 = B168) (B3 =1 (3.3)

(i) (lz,10) = &, Blpalo) =7, (3.4

(i) (ind, — H )| =0 if £,,, m, follow the classical equation of motion.
(3.5

(iii) led us to use cps here. With (i) and (ii) L[/3] is readily computed.

" 4. Effective Lagrangian

The difference x, , — x, may be written as

™

$11+] — Ty = Zank(bk + bt.&) (41)
k

Here all operator independent quantities have been collected in o, ;. Let A =
Sroaub, B=3, a"kb"_'k. This yields

_ _ i sin(=/N)
[A,B] = Ek: o = Nwl—cos(n/N)

= (0](pyy — @710} =2 (A2 =220 rw (4.2)
[A,[A, B]] = [B,[4,B]] = 0.

We may now use the Baker—-Kempe-Hausdorff formuia and property (i) to determine
the potential part of L{A].

(Blexp{—v(x, 1y — 2, )}HB) = exp{y*(Qaa?)/2} exp{-v(&uys — )} (4.3)
And in a similat way:
(BIPL1B) = ™o + Wi (Aa?) (44)

(Biha,|3) = %Z(.{nwn — £, 7, ) + Nuw?{Ax?). 4.5)
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Hence it turns out that

N 2 2
CLIDEDY {1’—  LgeeT(er AT T b ) 6'(%60)} @6)

n=1

where some constants have been combined in &'(+v,a). In order w keep (5{H|3)
finite in the thermodynamic limit e’(~, ) must be replaced by some other constant
e. This may be called infrared renormalization,

We want min (3| H|3) to be zero and thus get & = exp(vy?(Az?)/2). Inserting
{3|H{3} in the expression for the effective Lagrangian we finally arrive at

1 - w? Ax? _ -

Lg= Z {Egi — ?e Ha-ro=y(AzT) /2 (=¥ (Ent1~En) _ 1)} (4.7)
n

where we have already inscrted the equation of motion for =, and suppressed a total

time derivative as well as a constant term as both are irrelevant for the equation of

motion. Equation (4.7) is valid for the N-particle chain as well as for the infinite

chain.

5. Discussion

L. in (4.7) is the classical Lagrangian for the Toda chain except for the extra factor
e = exp{y*{Az?)/2}, which therefore contains all quantum effects. It reduces
to unity in the classical limit, i.e. for & — 0 or w — oo, respectively, but also in
the harmoenic limit, v — 0. Hence, as one would have expected the chain behaves
classically in the harmonic limit.

The fact that L, is again of Toda’s form makes it possible to give explicit
analytical corrections to all classically known quantities by simply replacing w by
wexp(v{Az?)/4). In particular, L g gives rise to the familiar Toda solitons. We are
tempted to call these solitons ‘quantum solitons’, because they describe the motion of
the test wavefunction. They are broadened compared with classical solitons moving
with the same velocity.

We stress again that the existence of these solitons is no triviality. If the effective
potential in (4.7) had turned out to be of different form, no solitons would have
resulted. An arbitrary potential suffers different corrections for each order in its Taylor
expansion, which do not necessarily sum up to a simple factor (see the appendix).
Thus, in general, the dynamics of the effective problem differs in structure from that
of the underlying classical one.

The quantum correction ¢ is easy to understand. The zero point motion of
the particles causes an additional pressure, as if the lattice were compressed by an
amount v(A=z?)/2 per lattice constant. The total force per lattice constant exerted
on a spring is in the ground state

(O] = V'(,py — 2,)[0) = (w?/yrg)(ge™ @770 — 1) =: P. | 6.1

Instead of fixing the lattice constant one could also fix the pressure

g Plut 4 1 = emHamm=a(ash/2), 5.2)
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Figure 1. Dispersion curves for fixed «: The thin curve is the classical curve, the thick
curve is the curve obtained from the Bethe ansatz, and the hexagons denote the curve
obtained from the variational approach, which always overestimates the energy.

For zero P the chain is streched. The new lattice constant is
a=ry+ y(Ax?) /2. (5.3)

In this case L_; agrees with the classical Lagrangian for zero pressure and the
quantum correction does not affect the dynamics.

It is always difficult to estimate the error involved in a variational approximation.
Here we are in the lucky situation that we can test our results for the dispersion curve
E(p) by comparing them directly with the exact ones [13]. The parameters in figure 1
have been chosen such that C = (w?/~+?)/(hw) = 1 and the lattice constant « has
been fixed at a = r,. In fact, C' is the only free parameter if the Toda Hamiltonian
(1.1) is written in scaled form, se¢ [13]. The semiclassical regime is characterized by
C > 1. In this regime it is scarcely possible to distinguish the three curves.

If we consider the case P = 0, the classical and variational curves are identical,
whereas the curve from Bethe’s ansatz lies slightly under the classical one.

After having finished this work, we became aware that Dancz and Rice [13]
obtained the same effective equations some years ago, starting from the Heisenberg
equations of motion. However, our derivation is technically much less involved and
uses a variational principle, that guarantees the best possible dynamics within the cps
approximation.
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Appendix, Effective potential for an arbitrary nonlinear spring

First we compute the expectation value taken in a cps for an arbitrary monomial in
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the displacement of the spring: Defining

1
U:=exp {ﬁz(ﬁnpn -7,z ,l)} (Al)
we get Ute U ==z <+ ¢,. Thus
(ﬁl(mn+l - mn)mlﬁ) = (Oi(wn-i-] — Ty + En-l—l - {n)ml(.])

= Z (m) OI('Tn+1 mn)jlo)(gu-}-l - &-n)m—j‘ (AZ)
i=0 Y
It remains to compute
O1apr =z, 10y = D o, oo (01 4;, ... A [0) (A3)
k;....,k_,‘

with A, = by, + btk;r and oy, 1= (fh[2Nw exp(ik;na)(exp(ik;a) — 1) as in
(4.1). Obviously (0|A;, ... A, [0} is zero if j is odd. With the aid of Wick’s theorem
we pet for j = 21
1
(OiAkl e Akznlo) = EfF Z (OlAkmAkm [0) e (05AkP(1€—nAkPum>' (A4)
P2t

The summation is over all permutations of the 2{ indices. Now

10y =46 , (AS)

N ;Cp(z.-x),—ﬁpzi
and thus

2f
(0'($n+1 - 2,)7[0) = 2[[1 Z Z T O TSI PRRE: 61&'.&(2:-1),-3:152'
P52 kyy. kg

21“ Z (ZIO‘LI) —(2[)!{{A:L‘2)/2)I/“. (A6)
Pesa \ k

Inserting (A6) in (A2) we get the following: Given the potential V() = ™ the
correspending effective potential is

bedd) my (2! o .
‘/;ﬁ'(?‘) = Z (2{) (';[)t (Am-)!.’,m—-f
=0
= (—i(Aarg))’” H(_‘m(il‘/(A:lfz)) (A7)

with f e, the Hermite polynomial of order m: (see [14]). We now pick up two more
formulae from [14],

He, (r)y=2"""H _(r/V2)

P? )m+1 [a s} 2
H, (r)= dze™ % ™M cos(2rz —mn[2) (A8)
VT
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and arrive at

(=i{Az?))" He, (ir/{Ac?)) = (A9)

1 oo 2 2
__._—/ dz zme"(z—r) /Q(A:C )‘
VaIt{Az?) J o

Thus for every potential which can be represented as a series of polynomials we get

1 e 2 2
1 i dz V(zje (z-mV/Haz%) AlD
enlr) 2r{Aa?) f.cx. #Viz)e A1)

This may be checked again for the Toda potential (see also [12]).
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